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ABSTRACT 

Recently the authors have introduced a new gauged supergravity theory with a 
positive definite potential in D = Q, obtained through a generalised Kaluza-Klein re- 
duction from D = 7. Of particular interest is the fact that this theory admits certain 
Minkowski X Sphere vacua. In this paper we extend the previous results by construct- 
ing gauged supergravities with positive definitive potentials in diverse dimensions, 
together with their vacuum solutions. In addition, we prove the supersymmetry of 
the generalised reduction ansatz. We obtain a supersymmetric solution with no form- 
field fiuxes in the new gauged theory in D = 9. This solution may be lifted to D = 10, 
where it acquires an interpretation as a time-dependent supersymmetric cosmological 
solution supported purely by the dilaton. A further uplift to D = 11 yields a solution 
describing a pp-wave. 
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1 Introduction 



Recent interest in both de Sitter and anti-de Sitter vacua has led to a renewed study 
of gauged supergravities, where the gauging of some i?-symmetry naturally leads to 
a non-trivial potential. Well-known examples include the gauged supergravities in 
four, five and seven dimensions that admit maximally supersymmetric anti-de Sitter 
vacua. In addition, there are also gauged supergravities with run-away potentials. 
Although such theories do not admit maximally supersymmetric vacua, they typi- 
cally allow domain-wall solutions where scalar gradient energy is balanced against 
the scalar potential. What has not been achieved, however, is the construction of 
conventional gauged supergravities admitting de Sitter vacua. Of course this is not 
particularly surprising, since de Sitter spacetime is incompatible with conventional 
sup er symmet ry. 

Supergravities with positive-definite (albeit run-away) potentials do nevertheless 
exist. A particularly interesting example is the Salam-Sezgin model, which is a gauged 
M = (1,0) supergravity in D = 6 coupled to a tensor and an abelian vector multiplet 
p. This model has a (Minkowski)4 x S"^ vacuum, in which the vector has a non- 
trivial flux on the 2-sphere. This monopole flux, combined with the single-exponential 
potential V ~ exp(— y^/v^), is responsible for a "self-tuning" of the vacuum, in which 
the positive energy density is confined to the 2-sphere, thereby ensuring a vanishing 
4-dimensional cosmological constant and correspondingly a (Minkowski)4 vacuum. 
The self-tuning feature of this model has attracted much attention, especially as 
a means of protecting the cosmological constant from large corrections even after 
supersymmetry breaking [3 EI- It was shown in Q that the Salam-Sezgin theory 
arises from a consistent reduction of ten-dimensional supergravity on a circle times 
a hyperbolic 3-space. It was also shown, in 0, that the Salam-Sezgin model can be 
consistently reduced on S"^ to give rise to M = 1, D = A supergravity coupled to an 
SU{2) vector multiplet and a scalar multiplet. 

The interesting features of the Salam-Sezgin model have led us to search for 
other possible supergravity theories with positive-definite potentials. This search 
was guided by the realization of jS] that a generalised Kaluza-Klein reduction which 
gauges a combination of a homogeneous global scaling symmetry together with a 
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Cremmer- Julia type global symmetry yields a consistent reduction with just such a 
positive-definite potential. In particular, this generalised reduction was used to con- 
struct a variant M = (1, 1) supergravity in D = 6 admitting both (Minkowski)4 x 5^ 
and (Minkowski)3 x vacua [71 |H]. This construction is based on the generalised 
reduction of minimal D = 7 supergravity, where a would-be vector multiplet may be 
truncated out by a judicious choice of the gauging parameters. In this manner, the 
reduction takes one from a pure {d + l)-dimensional supergravity without a poten- 
tial to a pure d-dimensional supergravity with a (positive-definite) single-exponential 
potential. Generalised Kaluza-Klein reduction via the gauging of the Cremmer- Julia 
global symmetries were considered in [HJ CHI IHl HI] 

Although the work of [3 |H] focused on the reduction from seven to six dimensions, 
the generalised Kaluza-Klein procedure may be carried out in arbitrary dimensions. In 
general, the various supergravities in diverse dimensions are quite distinct (especially 
in their fermionic sectors). However it is noteworthy that the bosonic sector of the 
half-maximal (16 supercharge) supergravities in D < 10 is universal, with field content 

{g,,,B,,,<f),A';) (1.1) 

(a = 1,2, ... ,10 — D). This is of course the bosonic content of the heterotic string 
(or the NS-NS sector of the Type-II string) compactified on a (10 — D) -dimensional 
torus, with vector multiplets truncated out. Owing to this universality of the field 
content, we may perform a generalised Kaluza-Klein reduction on the half-maximal 
supergravities in arbitrary dimensions, and in this manner obtain the full class of (16 
supercharge) variant supergravities generalising the results of [HIHj. 

The resulting dimensional variant supergravities admit both (Minkowski) x 5^ 
and also, in certain cases, (Minkowski)rf_2 x S"^, vacua. Furthermore, we are able to 
construct a new time-dependent supersymmetric solution (or "cosmological solution" ) 
in D = 9 with no form-field fiuxes. This solution lifts to a purely dilaton driven 
cosmology in D = 10, and a pp-wave in D = 11. 

2 Generalised reduction 

We begin with the generalised Kaluza-Klein reduction of the bosonic sector of half- 
maximal supergravities in arbitrary dimensions D < 10. In this section, all fields and 
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their equations of motion pertain to the Einstein frame. The string-frame picture will 
be examined in section 3. 

As indicated above, the bosonic field content of pure supergravity with 16 super- 
charges consists of the graviton g^^, antisymmetric tensor B^^i, and dilaton 0, along 
with (10 — D) 1-form potentials A^. The Lagrangian for the bosonic sector can be 
written as 

jC = Ril- \*d4) A # - y^^iHis) A if(3) - le^^hP^^^ A F^^^ , (2.1) 

where F^^, = di^,,, = dI3^2) - ^F^^j AAf,,, and a = 1, 2, . . . , (10 -£>). The constant 
d is given by 

The equations of motion following from (j2.H) are 

^ ^ - ^ ^ 2" 

Rmn = |c^i\/0f^jv0 + \& \Hmpq HJ'^ — r^^jy 2)^'^' 9mn^ 

d{e^hH,,,) = 0, 



die^^'^^F^,^) = (-l)^+Vni7,3,AF,",,, 



□0 = -e-^El^^-e-.^^{Fi;)\ (2.3) 

The key observation behind the generalised reduction of ref. jB] is that the equa- 
tions of motion are invariant under the two global symmetries 

^ + ^ Ai , ds^ ^ e^^2 ds^ , 
a 

S„) ^ e-2"^+2"^ , ^ e-"^+"^ A^^ . (2.4) 

The constant Ai parameterises a global symmetry of the Lagrangian, while the scaling 

transformation parameterised by the constant A2 is a symmetry only at the level of the 

equations of motion, since the Lagrangian scales homogeneously as \^^{R+- ■ ■) — > 
e(^-2)A2^(^ +...). 

Following we now reduce from D dimensions to = {D — 1), while simultane- 
ously gauging the above two global symmetries. The dimensional pure supergrav- 
ity multiplet then reduces to d-dimensional supergravity coupled to a single vector 
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multiplet. This is achieved by making the generahsed reduction ansatz 



where 
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(p = 0H — rriiz , (2.5) 
a 

°'- 2(d-lKd-2) - "=-(''-2)- (2-6) 
The standard Kaluza-Klein ansatz for an ungauged reduction would correspond 
to setting mi = m2 = 0. 

In general, for unequal mass parameters mi and m2, the lower-dimensional equa- 
tions of motion are rather complicated. However, a significant simplification occurs 
if mi = 1712. In this case, various exponential factors drop out from ()2.5|1 . and one 
can consistently truncate out the vector multiplet, owing to conspiracies between the 
fields. In this manner, one can obtain variant gauged supergravities with positive- 
definite scalar potentials and with half-maximal supersymmetry in c? < 9 dimensions. 

Before writing out the complete reduction of the bosonic equations of motion, we 
first collect some intermediate results. The reduction of the potentials in ()2.5|) yields 
a corresponding reduction on the field strengths: 

^r.) = e^"'^'{F^,, + Ll^A{dz + A,r^)), (2.7) 
where the lower dimensional fields are defined by 

i/(3) = - ^FIIMI) - ^^(1) ^ - 2(^2 - mi)fi,2) A ^(1) + A , 

G„) = dB,,,-lx''F^,^ + lLl^AAl^-lx''Ll,AA,,, + 2{m2-m,)B,,,, 
= dAl^-dx"" AA^,^ + im2-m,)Al^AA^,^, 

= dx^-im^-niMw- (2.8) 

The Kaluza-Klein potential ^(i) has the standard field strength JF(2) = dA(^i). It is 
evident at this stage that the vector fields A^-^j and the tensor field B^2) acquire masses 
proportional to |m2 — mi|, in the process eating the axions and the vector B^^ 
respectively. 
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2.1 Untruncated c?- dimensional equations 

Wc are now able to write down the full bosonic equations of motion for the variant 
(i-dimensional gauged supergravity. The bosonic field content is 

ig^u,B^,,if,A''^,A^) and {B^.x^A). (2.9) 

corresponding to half- maximal supergravity coupled to a single vector multiplet. This 
representation is schematic in the sense that the scalars and </? as well as the 1-form 
potentials and .4(1) must necessarily be taken as appropriate linear combinations 
in the actual multiplets. 

We find that the equations of motion for the form fields are given by 

V^(e"^-^"^//^,,) = (2mi + (d - 3) ms) (e"'^-^"'^//^,,^^ - e^'^+^^'^-^^^^'^G^,) , 

+ (2mi + - 3) m2)e«<^+2(d-3)a^^^^ j^u ^ 

+ (mi + (d - 2) ms) (e5«'^-2"¥'F;^^'^ - el«'^+2(<^-2)a¥'i,a) ^ 
+ (mi +{d-2) m2)e^"<^+2(d-2)a^^a^M ^ 

4 4 
+ ^ mi{d^,(t) - ^ mi^^) - 2m2((i - 1) {Pd^ip - m^A^) 

+ m2{d - i)e-2(''-i)"'^ jr^^^- . (2.10) 

The two scalar fields, (f) and ip satisfy similar mi and m2 dependent equations of 
motion. The scalar coming from the metric satisfies the equation 



^'-'^ 6(d-l) 4(ci-l)^ '^'^ ^ 4(ci-l} 

d-2 



+ gia0+2(d-2)a^(^a^)2 _ 1 g-2(d-l)a^_^2^ (2.11) 

- m2p{d - l)A''d^^p - m^'^^A^ ^ml{d- 1)A\^ + ^ m^e^^'^'-i)"'^ , 
while the D-dimensional dilaton equation reduces to 

12 4 8 



4{d-l) 



mim2 (^?,) + e2('^-i)"'^) . (2.12) 



a 

The (i- dimensional Einstein equation takes the form 

, l ~2{d-l)aip ( -p -T cr _ 1^ -772 N _|_ 1 „a0-4a(/p/ rr U P'^ _ Ir, H"^ 
~ 2 V MO" V ^yt-iv^ (2)1 ^ 4^ V-'-'A'PO" -'-'i/ 6^/^^ (3) 

2 8 
+ -mi(^"9<,0^^^ - A^d^(j) - Aud^4>) + (—ml-{d- l)mf\A^Au 



2 > 

(2)> 



a 



- \m2{d - 1)(V^A + VuA^ - 2VM''g^u) 

- + Imlid - - 2)) {A% + e^^'^-^)"^)^?^. . (2.13) 
Note that the last term is associated with a positive-definite scalar potential. 

2.2 Truncated d-dimensional equations 

The scalars (p and may be disentangled between the supergravity and vector mul- 
tiplets of (|2.9p by performing a rotation to (pi (supergravity) and 02 (vector) given 
by 

d(f) — Aaip = acpi , Aacp + dip = a</)2 , (2-14) 



where a = y8/(-D — 3). When mi = m2, the vector multiplet may be further trun- 
cated away. This is done by setting 

5(1) = Ai) = TiAi) , 4>2 = 0, = 0. (2.15) 

The equations of motion for the pure supergravity fields are then given by 
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1 1 

J^lph°'<t'(Tr TP P P2 \ j^lAait>tpa pap ( F"" \^ a \ 

2(d — 2)^^'^ " y-^iip-^v 2((i — 2) 



2v/d^^ '^^^ ' 2^/2 ' ^ " ' ^ ' d-2 

where we have rewritten (pi as 0. It may be seen that this set of equations cannot 
be obtained from a Lagrangian in terms of the physical fields. This is not altogether 
surprising, since they were derived in a generalised reduction that gauged a symmetry 
of the equations of motion which was not a symmetry of the Lagrangian. 

By examining the linearised equations of motion, it can be seen that ^4(1) is a 
massless gauge potential. This gauge field can in fact be consistently set to zero. In 
this case, the remaining equations of motion can then be obtained from the Lagrangian 

e-^C ^R- l{d(l))^ - ^e^'^^^fs) - ie^"'^(^(2))' - {d - Ij'm^e"^"^ , (2.17) 
where e = y/^. Thus we see once again that the scalar potential is positive definite. 



3 String frame and cr-model action 

For many purposes it is advantageous to perform the Weyl rescaling of the metric that 
transforms from the Einstein frame that we used in the previous section to the string 
frame. One reason is because the half-maximal super gravities that we are considering 
have a direct relation to the heterotic string, or the NS-NS sector of the Typc-11 
string. Another reason is that many of the formulae become considerably simpler 
when expressed in the string frame. We shall consider only the case m,i = m2 — m. 

Consistent string propagation demands world-sheet conformal invariance, and 
hence the vanishing of the beta functions for the background spacetime fields. In 
this manner one obtains supergravity equations of motion which arise naturally in 
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the string frame. The corresponding equations may be derived from the string-frame 
Lagrangian 

r't = e-'\R + A{d^f - ^^Hl - , (3.1) 

taken here to have been compactified on a (10 — Z})-dimensional torus (with the 
additional truncation of (10 — D) vector mufriplets). It is to be understood that 
all fields in this section are labelled with a suppressed tilde {g^u , -f^(3), etc.) unless 
otherwise indicated, to distinguish them from the Einstein frame fields. The complete 
transformation between the two frames in dimensions D < 10 is given in appendix C. 
The equations of motion following from the Lagrangian ()3.1|1 are 

c/(e-2**^(3)) = 0, 

ci(e"^**F(^,) = (-l)^+^e-^**i^,3)AF(",,, 

□ I. = 2{d^f - ^^Hl^ - \{F^,^f . (3.2) 

By tracing the Einstein equation and substituting in the dilaton equation, we may 
obtain an expression for the Ricci scalar: 

R = -^^d^f + l^Hl + \{F^,)\ (3.3) 

In D dimensions, the Einstein-frame and the string-frame metrics are related by 

dsl^ = e^'Usl, = e-'^''Usl,, (3.4) 

where we have defined $ = — 0/a and is the Einstein- frame dilaton field. For the 
case where mi = m2, the reduction ansatz ()2.5p converted to the string frame is 
rather simple, namely 

dsl, = rfsL + e-^^(rfz + ^(,))2, 
B(2) = -8(2) + -B(i) A dz , 
1) = <^ - ^if- l{d-l)mz. (3.5) 

In other words, the reduction is exactly the same as a standard Kaluza-Klein reduc- 
tion, except for a linear z-dependence in the dilaton 
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It follows that the cr-model action for this generahsed circle reduction is given by 

+a'R{^- 1{D -2)mz)] , 

where g^i, and S^,^ are independent of z, and X° (the circle coordinate) is given 
by X^ = z. However, the z dependence of the string action imphes that T-duality is 
now broken. This can also be seen from the low-energy effective action obtained in 
the previous section, where the Kaluza-Klein vector ^(i) and the winding vector B^^^ 
are clearly not on a parallel footing. 

3.1 Untruncated c?- dimensional string-frame equations 

We give here the complete set of bosonic equations of motion for the untruncated 
system, expressed in the string frame. It will be seen that these arc considerably 
simpler than the previous expressions that were obtained in the Einsten frame. 
For the form fields in the string frame we find 



+ m(d - 1) (e-^*F;,X - e-^^+^'^L^) , 

+ m(d- l)(V2e-^'^9^99 + e"^'^^'^^^,). (3.6) 
For the scalar fields, we find 

= -^i/f3^-|(F«^)2-|(e^^G?,, + e-^^^f,^)+2(a$)^ (3.7) 
+2m(d - 1)A'' 9^$ - lm(d - 1)V^A'' + |m'(d - l)\Al^ + e^'^) . 

The Einstein equations in the string frame are given by 
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+ If;^ p + \e^^^LlLl -\m{d-l) ( A + V,A,) . (3.8) 

3.2 Truncated (i-dimensional string-frame equations 

In the string frame, we may again truncate out the vector muhiplet by setting = 0, 
L^jj = and ^(i) = -B(i) = A(i)/\/2. The equations of motion for the bosonic fields of 
the pure supergravity muhiplet now become 

v^f;, = IH^^^F-^"^ + 2f;,m\ 

V^M, = 2Ml-l^Hl-\{Fl^ + {F^,;)') + \m\d-l)\ 

R,u = -W,M,-V,M^ + \H,,„Hr + \{F,,F/ + F^Fy), (3.9) 

where we have introduced the field 

M,.) = + ^^^^^Ai) • (3.10) 

It is evident that the massive field M(i) arises because the dilaton $ is eaten by the 
gauge field . 

As in the Einstein frame, these equations cannot be obtained from a Lagrangian. 
However, if we set A^^-^ to zero, the equations of motion for the remaining fields can 
be obtained from a Lagrangian, given by 

e"^£ = e-'" [r + 4(9$)^ - ^,H% - i(F»/ -{d- 1) W) . (3.11) 

Although this truncation is consistent within the bosonic theory, it cannot be consis- 
tent with the full supergravity, as it would be incompatible with the structure of the 
supermultiplets. Nevertheless, we see from p.lip that in the string frame the scalar 
potential becomes a pure positive cosmo logical constant. 

4 Super symmetry 

With the derivation of the bosonic equations of motion both in the Einstein frame 
and the string frame completed, we now turn to a consideration of the supersymmetry 
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transformation rules for these generalised reductions. We shall present the results for 
two cases in this section. The first is the variant ten-dimensional massive gauged su- 
pergravity obtained in jH] by performing a generalised reduction of eleven-dimensional 
supergravity.^ The reduction in this case involves just the global scaling symmetry 
of the D = 11 equations of motion. Then, we shall consider the nine-dimensional 
massive gauged theory obtained from massless JV = 1, D = 10 supergravity, using 
the generalised reduction involving the two global symmetries that we discussed in 
section 121 Analogous results for the six-dimensional gauged theory were obtained in 
detail in [Hj. 

4.1 Massive type II A supergravity from D = 11 

The supersymmetry transformations in D = 11 are 

= - 2i8^ivPQp(7.r'^" - 87"'^"^:,) e , (4.1) 

where in our conventions 

{%,%} = 2fi^, (4.2) 

and the metric signature is ( — !-+■■■+). The equations of motion of the eleven- 
dimensional theory are invariant under a scaling symmetry, which was used in [H] 
in a generalised reduction to obtain the bosonic sector of a massive ten-dimensional 
supergravity. Here, we extend that discussion to include the fermionic sector. This 
variant maximal supersymmetric D = 10 massive theory [H] has also been con- 
sidered in The corresponding ansatz for the generalised circle reduction of the 
fermions is 

4 = e-'^^'^e-^^^{^a-^laX). (4.3) 
^Note that this massive type IIA supergravity [I'M IH] is not the same as the massive IIA theory 
obtained by Romans 
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Performing the reduction of the fermionic transformation rules, we obtain 

-^e-t^^,,(7^- - 145;:7^)7,6 - ^m2(A7/.7^ - e^^^7n)e • (4.4) 
The supersymmetry transformation rules for the bosons are 
5e/ = e7>^, 5ct> = -V2eX, 

6A^^ = e"^'^e7n(27[^V^^] + ^l,^uX) , 

6A^^p = 3e^^e{-f[^^^/jp] - ^7m^p^) + 3^[^(5A^p] . (4.5) 

As was shown in |6| this theory admits a de Sitter vacuum solution, which nec- 
essarily breaks all supersymmetry. Note that the ten dimensional field strengths are 
those defined in jB]. 

4.2 Reduction of D = 10, J\f = 1 supersymmetry 

Since we have obtained the transformation rules for the type llA massive gauged 
supergravity in section 14.11 it is convenient to make use of these here in order to 
establish our conventions and notation for the transformation rules of the standard 
massless A/" = 1 supergravity in ten dimensions. These are obtained by setting the 
mass parameter m2 = in ()4.4|) . and in addition making the chiral projection that 
reduces the J\f = 2 supersymmetry to J\f = 1: 

7iie = e, 7ii^a = ^a and 7iiA = -A. (4.6) 

The chirality condition is consistent with setting to zero both the 3-form potential 
and the Kaluza-Klein vector. This yields the ten-dimensional JV = 1 supersymmetry 
transformation rules 

S^M = VMe-^e^^if,p«(7/^'^-9r^5-)e, 
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SB^^ = -e-5'^e(27[M^^] + ^7„^A). (4.7) 

We can now use these standard TV = 1 results in a generalised circle reduction to 
d = 9. We shall focus just on the pure supergravity multiplet in c? = 9, by performing 
a (consistent) truncation of the matter multiplet. The required reduction ansatz is 
obtained from the arbitrary-dimension ansatz of appendix B by setting nii = m2 = m 
and 02 = = X- This gives 



e = 




A = 


yig-i'^^eM'^'A, 


V'lO = 




= 


e-^™-ei6v^'^^(V;, + ^7,A) 


= 


4^ 01 + 4m^ . 



The tildes signify that the fermions and the Dirac matrices are still ten-dimensional. 
These can be related to the nine-dimensional quantities as follows: 

7a = 7a X (Ti , 7io = 1 X (T^ and 7n = 1 X CTs , 

e = e X r] , A = Ax aiT] and ipa = ipa ^ V i (4-9) 

where 77 is a 2-component constant spinor. The chiral projections ()4.(i|l imply that 
we must have a^rj = rj. In the following subsections, we present the resulting nine- 
dimensional transformation rules in the Einstein frame and the string frame. 

4.2.1 D = 9 super symmetry in the Einstein frame 

Reducing the Af = 1, D = 10 transformation rules, and setting G(2) = ^(2) = -^(2), 
we obtain the following nine- dimensional supersymmetry transformation rules: 

= V,e - ^eV^^i/..,(7/'^^ - ^6;^')^ - i^e*^F..(7/'^ - 125;7'^)e 
- ^mA^'y^Y^^ + yme"^"^7^e , 
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= e7>;., 5<j) = -V2eX, 

6B^, = -e-v^*e(27[^V^,] + ^7^,A) - , (4.10) 

where we have dropped the "1" subscript on the scalar field. The field strengths are 
Hf^up = 39[^-B,^p] — ^A[^F,^p] and F^^, = 2d[pA^j . This theory is an Abelian gauged 
version of A/" = 1,D = 9 supergravity. We shall show that it admits a supersym- 
metric (Minkowski)6 x vacuum solution. We shall also obtain a time-dependent 
supersymmetric cosmological solution in this theory. 

4.2.2 D = 9 supersymmetry in the string frame 

The above transformation rules for the fermions are readily expressed in terms of the 
fields of the string frame, using the formulae given in appendix C. Specialised to nine 
dimensions, these are 

01 = -^1$, e = e^'^'e, A = e'^Tn'^'A , ^^ = e^'^'tp^, (4.11) 
The fermionic transformation rules in the string frame then take the form 

- - 125;r) + f ^7,)e . (4.12) 

5 Supersymmetric Md-3 x and Mci-2 x S'^ vacua 

The generahsed Kaluza-Klein reduction gives rise to gauged supergravities that ad- 
mit supersymmetric vacuum solutions of the form Minkowski x Sphere jHj. The nine- 
dimensional theory admits just a (Minkowski)6 x 5*'^ vacuum of this kind, supported 
by the ifjg) fiux. The theories in lower dimensions admit (Minkowski) rf_3 x vacua 
supported by if(3), and ( Minkowski )rf_ 2 x S"^ vacua supported by a 2-form F(2). In 
this section, we shall show that these vacua are all supersymmetric. 
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Consider first the ( Minkowski 3 x solution supported by the H^^^ field. This 
is given by 

2 1/ 4 2 

[d — Ij'^ 

If we lift the solution back to D dimensions using the generalised reduction ansatz, 
it becomes the near- horizon geometry of a. {D — 5)-brane supported by the field -ff(3). 
To see this, we start with the {D — 5)-brane in D dimensions, given by 

dsl = H-T^^dx^dx''r]^^ + H^^{dr'^ + r'^dnl), 

^(3) = 2Q(](3), ^ = -\d\ogH, H = l + Q/r\ (5.2) 

In the near-horizon limit, the additive constant 1 in if is dropped. Making the 
coordinate transformation r'^/Q = e('D-2)m2^ letting Q = 4:/{{D — 2)^m^), we 
obtain 

4 



dsl = e^'^'(dx^dx''v,u + dz'+ . 



- dnj) , 



= (D - 2)^ ' ^=irnz, (5.3) 



which fits the reduction ansatz precisely, giving rise to the lower- dimensional solution 

The supersymmetry of the (Minkowski) x solution is easily established. 
Firstly, since its lift to D = d + 1 dimensions gives the near-horizon limit of the 
{D — 5)-brane, as discussed above, it is manifest that qua D-dimensional solution, 
it will preserve one half of the D-dimensional supersymmetry. This halving of su- 
persymmetry comes about from the usual projection condition for supersymmetry of 
the {D — 5)-brane, e = e, where F* is built from the product of Dirac matrices in 
the world-volume of the {D — 5)-brane. As is well known, for any of the BPS brane 
solutions with metric given by 

ds'^ = e^^ dx^ dx^ + e^^ dy"^ dy"^ , (5.4) 

the Killing spinors are given by 

e = e5^eo, f ^ eo = eo , (5.5) 
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where eo is a constant spinor. We see from ()5.Hj) that A = mz, and hence the Kilhng 
spinors in D dimensions take the form 

e = e^™^ eo • (5.6) 

Since this z dependence matches precisely the z dependence for e in the generahsed 
reduction ansatz ()4.8|1 . it immediately follows that the (Minkowski) x solution 
will be supersymmetric qua solution of the d-dimensional gauged supergravity. 

Another class of supersymmetric vacuum is of the form (Minkowski)(i_2 x S"^, 
supported by one of the two- form field strengths F^^y It is given by 

1 

(d — ly 



ds^ — (ix^ dx Tj^p -\- ^2 f J -| \2 '^^2 1 



Lifting this solution back to D dimensions, it becomes the near-horizon limit of the 
(D — 4)-brane supported by one of the field strengths F^^y The (D — 4)-brane solution 
is given by 

dsl = H-T^2 dx^ dx'' 7]^^ + {dr^ + r^Ql) , 

= V2Qfi(2), ^=-ld\ogH, H = l + Q/r. (5.8) 

In the near-horizon limit, the constant 1 in if is dropped. Making the coordinate 
transformation r/Q = ^i^-'^)"'-^ and setting Q = l/(m(D — 2)) we have 

dsl = e^""^ (dx'' dx" r]f,^ + dz'^ + ^ , J" dnj) , 

F,, = 0=^m.. (5.9) 

This clearly fits the reduction ansatz exactly to give rise to (j5.7|) . 

Again, the supersymmetry of the solution as a lifted Z)-dimensional configuration 
is manifest, since it is just the near-horizon limit of a BPS [D — 4)-brane. Its su- 
persymmetry as a solution in the d = D — 1 dimensional gauged supergravity itself 
is again easily seen, from the general form ()5.5j) of the Killing spinors in the lifted 
{D — 4)-brane. Thus we again find that the D-dimensional Killing spinors are of the 
form ()5.6|) . and so comparison with the generalised reduction ansatz ()4.8|) for e shows 
that the (Minkowski)(i-2 x solution will be supersymmetric in the d-dimensional 
gauged supergravity. 
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6 Super symmetric time-dependent solutions and 
pp- waves 



In this section we construct a time-dependent solution of the new gauged nine- 
dimensional supergravity, and we show that it is supersymmetric. It can be thought 
of as a cosmological solution in the gauged supergravity. 

The solution is of a form analogous to a standard domain wall, except that here 
the "transverse space coordinate" is timelike rather than spatial. It is easily seen that 
the configuration 

dsl = -dt^ + {^mtfdx'dx^ 
ein'*' = |mt. (6.1) 

solves the nine-dimensional equations of motion that follow from (j2.17p . Note that 
the form-fields are all zero in this solution. 

The fermionic transformation rules ()4.10|) in this background reduce to 

SiJM = VMe + fme-^Ve, (6.2) 

and it is easily verified that is supersymmetric. 

In the string frame, the metric in the solution ()6.H) becomes simply the Minkowski 
metric ds'^^^ = rj^Ndx^ dx^ , where 

t = exp(fmx°). (6.3) 

The dilaton is a linear function of the redefined time; $ = — 4ma;°+ constant. 
The solution ()6.H) is straightforwardly lifted to ten dimensions, where it gives 

- (fmt)-^/^dt' + {l^mt)'"\dz^ + dx'dx')] , 
= e^""(fmt)^/2_ (6.4) 

This can again be viewed as a time-dependent supersymmetric cosmological solution, 
driven purely by the dilaton. In the string frame the metric is again Minkowskian, 
but now the dilaton is linearly proportional to the light-cone coordinate x^: 

ds^^j. = 2dx^ dx' + dx' dx\ $ = x+ . (6.5) 
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ds. 



2mz 



A metric-dilaton configuration of tliis kind was also discussed in ^^1- It is straiglit- 
forward to see tliat tlie solution preserves half of the supersymmetry, with the Killing 
spinor given by 7+ eo where eo is a constant spinor. 

A further uplift to = 11 using the standard Kaluza-Klein formula 

dsl = e-^^dsl^ + e-t'^V (6.6) 

yields the Ricci-fiat solution 

dsl, = -r^df + edr^ + rHHx'dx' + r-H-^ , (6-7) 

where we have changed from the ten-dimensional coordinate z to a new coordinate 
r defined by r = e3™'^(|m The metric is a pp-wave. To see this, we 

introduce new coordinates X+ and X_ defined by 

rH' = X^, J=e^^-, (6.8) 

in terms of which ()6.7j) becomes 

dsl^ = dX+dX_ + X+dx'dx' + Xfdy^ . (6.9) 

Thus, we conclude that in eleven dimensions the solution describes a pp-wave. 

The metric (16. 9p is a particular example of a more general class of pp-waves, 
contained within the ansatz 

dso = dX+dX^ + Xl^dx'^^dx'^' + Xl^dy'^^dy""' + X'lHz'^^ dz^'' + ■■■ . (6.10) 

Here, we take the index ranges to be 

1 < mi < pi , Pi + 1 < m2 < pi +P2 , etc., (6.11) 

and so the total dimension is D = 2 + pi + p2 + ■ ■ ■ ■ The only non- vanishing vielbein 
components of the Riemann tensor for (j6.1(jp are given by 

Rmi+nij + = ~\hi{hi — 2)X_|_^5mi • (6.12) 

Thus (IFTTni) is Ricci-fiat if 

= EMi(/i*-2). (6.13) 

i=l 

The pp-wave fj6.9|) that resulted from lifting our time-dependent cosmological solution 
to = 11 is the special case with 

Pi=8, /ii = l, p2 = l, ^2 = -2, (6.14) 

which clearly satisfies (|6.13p . 
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7 Conclusions 



In this paper, we have obtained generahsed Kaluza-Klein reductions of the low-energy 
effective actions of string theories involving the metric, the dilaton, a 3-form field 
strength and a 2-form field strength. The generalised reduction gauges two global 
symmetries, namely the homogeneous scaling symmetry of the equations of motion, 
and also the dilaton shift symmetry of the Lagrangian. The resulting dimensionally- 
reduced theory has a positive scalar potential, in the form of a single-exponential of 
the lower-dimensional dilaton. We showed that the reduction is supersymmetric, by 
explicitly deriving the lower-dimensional supersymmetry transformation rules. 

Although it might seem somewhat perverse to perform generalised reductions of 
the kind we have considered in this paper, they are actually related by U-duality 
to more conventional reductions that have been considered extensively in the past. 
Specifically, a generalised reduction involving the global shift symmetry of the axion 
in the type JIB theory has been used in order to establish a T-duality between the 
type IIB theory and the massive type IIA theory 9J. The S-duality of the type IIB 
theory implies that one should also consider SL{2, i?) -related generalised reductions 
jTTj, which will involve the global shift symmetry of the dilaton. When one extends 
the discussion of non-perturbative dualities to lower dimensions, the underlying global 
Cremmer- Julia type symmetries can only be interpreted as strictly internal symme- 
tries if one also makes use of the scaling symmetry of the equations of motion that 
homogeneously scales the Lagrangian. Thus it is very natural to consider generalised 
reductions of the kind we have studied in this paper. 

The new supergravities have the interesting feature that they all admit super- 
symmetric vacuum solutions of the form (Minkowski) x 5^, and in some cases also 
(Minkowski) X 5^. These solutions provide novel compatifications of higher dimen- 
sional string theories. Furthermore, owing to the positivity of the scalar potential, 
the supergravities we have obtained admit time- dependent cosmological solutions that 
preserve half of the supersymmetry. Lifting these solutions back to D = 10, they 
yield supersymmetric time-dependent solutions driven purely by the dilaton, with no 
form-field fluxes. Under a further lifting to eleven dimensions, these time-dependent 
solutions become supersymmetric pp-waves. It would be interesting to study string 
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theory and M-theory in these simple but non-trivial backgrounds. 



A Bosonic reduction ansatz; Einstein frame 

We begin by reducing the D = d + 1 dimensional Ricci tensor to d dimensions by 
using the metric ansatz in ()2.5|) . We choose the natural vielbein basis 



{dz + ^(1)) . 



(A.l) 



Thus we have 



( 



\ 



V 







■ (A.2) 



The determinant of the metric is 



(A.3) 



Using the first Cartan structure equation with zero torsion, de"^ = —tJ^g Ae'^, we 
obtain the spin connections 



UJ 



1 „-m2Z+(/3-2a)ip -2 

2 */ /, c 



b'=' 5 



uj\ = e 



(A.4) 

{m2Z+l3ifi)^a 



From the curvature 2-forms Q'^g = doj^g + Cj'^c A Cj^ b = ^R^bcd(^^ A e°, we obtain 



the Ricci tensor with vielbein components 



R, 



ah 



-2{m2Z+aifi) 



{Rab - ldaipdb(f - ar]abn!f 



+am2{d - l){A''dcfr]ab - Aadbip - Abda(p) 

+^m2{d - 1)(V„A + VfeA) + m2VcA''riab + ml{d - 1)(AA - Al^riab] 



Raz = e 



2m2Z+{d~^)^^(^lyb^^-2{d-l)a^jr^^'^ + m2{d - l){(3da^ - maA) 



R^ 



-2(m22 + Q!(/p) 



+ msVeA + m2/9(rf - \)A^db'~p -'m\{d- 1)^^,,) 



_l_ \_ —2{ra2Z-^da.ip) ^2 



(A.5) 
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The Ricci scalar is 



R = e-^^"'''+'^'^\R-2aDip-l{dipf + 2m2dVaA^-mld{d-l)Al^^ 



The reduced Ricci components in ()A.5|) have been simphfied through use of the rela- 
tions (EIHl . 

The Laplacian operator acting on the D-dimensional dilaton is given by 



a ^ ' ^ a 

where = + 1 rriiz, as given by ()2.5|) . 

The vielbein components of the various D-dimensional antisymmetric tensors re- 
duce according to 

TT —(m2+{n—l)mi)z—naip tt 

fl _ -{m2+{n~l)mi)z+{d-n-l)aLp tt ( k R\ 

-nai---a„_i2 — e -nai--a„_i • \^-°) 

B Fermionic reduction ansatz in. D < 10; Einstein 
frame 

In this appendix we provide an arbitrary dimensional generalised ansatz that reduces 
the fermions in D = d+1 to d dimensions. The generalised ansatz we are constructing 
is such that the standard 5*^ reduction (mi = = 1712) reduces canonical fermionic 
kinetic terms with a normalization as 

e-^t = K(|r,,7--^V^^, + At^VmA) (B.l) 

to canonical kinetic terms 

e-^C = «:(^r^7/^-PV.^p + A7^V^A + X7^V^x) + rest . (B.2) 

Here k is an arbitrary coefficient. Performing the split of the gravitino as 'tpA = 
(V^a; ^d) an ansatz that accomplishes this is 
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^ = - Vfa'^i + ^/M'^2 . (B.3) 

Note that, here and elsewhere in this paper our convention is always a > . A 
consistent truncation of the matter multiplet can be obtained by setting mi = m2 
and 02 = = X . 



C Einstein-frame to string-frame conversion 

The dimensional Lagrangian in the Einstein frame is given by 

e-^C = i? - \{d(t>f - ^e^'^Hl, - je'^'HFt,,)' - i^'MT^'^'V^v]/, _ IA7-VMA 
2V2' 



where a = \J^^, and where we have omitted additional interaction and four-fermi 
terms. This may be mapped to the string frame Lagrangian 

-i^^r^^ - ^ij-j^^^)d^<^ +...), (C.2) 

by the transformations 



e = es^-^g, A = e-^'^'^A, = e^'^'^^M ■ (C.3) 

Note that 7^ = e3'^'^7M i.e. 7a = 7a • Furthermore, we have made use of the D- 
dimensional Majorana flip properties ip'j'^x = ~X1^'4^ ip'^'^'^'^x — XT^^^^V' fo^' 
any two ant i- commuting spinors ip and x- 

The bosonic reduction ansatze in the string frame are considerably simpler than 
their Einstein-frame counterparts. The reduction of the D — d-\-l dimensional Ricci 
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tensor is given by 

Rab = Rab + ^VadbV-\daVd,^-\e~'^''TacT,\ 

Ra. = \e^'^V\e~^^^:Fab), 

R = R + V2Uip-{dipf -le-'^^J^l^)- (C.4) 
Some useful formulae for the reduction of the scalar fields are: 

- \m{d - 1)(^ A^d^^ - V^A^ , (C.5) 

= {d^f + l{d^f-^^d^^d^^ + m{d-l)A^{d,^-^^d^^) 

+ \m\d-lf{Al, + e^'^), (C.6) 

CVVm5^$ = Vadb^-^^adb^ + \m{d-l){VaA, + Vl,Aa), 

-\m{d-l)e-^-^rabA\ 

e/e/V,A«l> = -^d^^{d,^-^d^^)-^m{d-l)A^d,^. (C.7) 
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